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Abstract 

For any sub-extremal Kerr spacetime with non-zero angular mo- 
mentum, we find an open family of non-zero masses for which there 
exist smooth, finite energy, and exponentially growing solutions to the 
corresponding Klein-Gordon equation. If desired, for any non-zero in- 
teger m, an exponentially growing solution can be found with mass 
arbitrarily close to 5^^- In addition to its direct relevance for the 
stability of Kerr as a solution to the Einstein-Klein-Gordon system, our 
result provides the first rigorous construction of a superradiant insta- 
bility. Finally, we note that this linear instability for the Klein-Gordon 
equation contrasts strongly with recent work establishing linear stabil- 
ity for the wave equation. 
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1 Introduction 

The Kerr spacetime {Ai,ga,M) is a two parameter family of asymptotically 
flat, stationary, and axisymmetric solutions to the vacuum Einstein equa- 
tions Ric(5) = 0. As a precursor to establishing the conjectured non-linear 
stability of Kerr, there has been much study of the linear stability problem 
for various equations on a fixed Kerr background. In this paper we will 
study the Klein-Gordon equation: 

Here > is the mass of the scalar field ^ip. In contrast to previous works 
on the wave equation = 0) showing linear stability, we will produce an 
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open family of masses for which the Klein-Gordon equation exhibits linear 
instability, i.e. for these masses there exists smooth, finite energy solutions 
which grow exponentially in time: 

Theorem 1.1. Fix a Kerr spacetime {A4,ga,M) with a ^ (see section 
Then there exists an open family of masses n with > and a non- 
zero, smooth, and finite energy solution ip to the corresponding Klein- Gordon 
equation 

such that 

e"^* |5"V(0, 6*, f/*)! <a \d"ip{t,r,9,(l))\ for all multi-indices a. 

These statements should be understood with respect to Boyer-Lindquist co- 
ordinates (see section\L^. For every non-zero integer m, fi can be chosen 
arbitrarily close to 2 Mr ■ particular, fi can be made arbitrarily small as 
a -> 0. 

This may suggest that the Kerr spacetime is non-linearly unstable as 
a solution to the Einstein-Klein-Gordon system^ Additionally, our result 
provides the first rigorous construction of a superradiant instability. Infor- 
mally put, superradiance occurs in a black hole spacetime when there does 
not exist a globally defined Killing vector field which is both timelike or null 
at infinity and timlike or null on the horizon. For such spacetimes "energy" 
may radiate out of the black hole and, depending on the particular dynamics 
under consideration, lead to a superradiant instability. 

To make these ideas more concrete, let's focus on the Klein-Gordon equa- 
tion and begin by briefly recalling the energy-momentum tensor formalism 
(see [1] for a proper introduction). Let g denote the (Lorentzian) metric on 
our spacetime and V denote covariant differentiation. For any function ip 
we define the energy-momentum tensor 

T^^ := Re (V«VV^) - (iVV'l' + fi^ IV'l') • 

^The Einstein-Klein- Gordon system for a spacetime {A4,g) and massive scalar field ip 
is ^ 

Ricc/3(ff) - ■^'R{g)gci3 = StvTc^b {g, ip) , 
(□g -m") = 0. 

Here R{g) is the scalar curvature and Tap is the energy-momentum tensor, 
Tap ~ Re {Va-ipV^) - ^gap (|Vt/.|' + \^\') . 
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For any vector field X we define a corresponding 1-form, called a "current," 
by 

:= T^pX^. (1.1) 

The key identity is 

V"J^ = Re ((V"V«^ - //V) W)) + ^T.^vr"^- (1-2) 

Here vr denotes the deformation tensor of X. This vanishes if and only if X is 
Killing. In particular, if ip solves the Klein-Gordon equation and X is Killing, 
we find that is divergence free. In this case, for any two homologous 
hypersurfaces Si and S2, the divergence theorem gives a conservation law: 

/ J^^gi = / J.^g,- (1-3) 

Jsi Jt.2 

Here ns; denotes the (future oriented) normal to the hypersurface Sj, and 
the integrals are with respect to the natural volume forms (the ones that 
make the divergence theorem true). For the identity ()1.3p to be useful, we 
need some positivity of J^ng,. One may show (see [Ij) that J^n^. is a 
positive definite non-degenerate quadratic form in tp and its derivatives at 
a point xq if and only if X and ns^ are timelike at xq. If we allow the 
quadratic form to be degenerate, then we may allow X and n^;. to also be 
null. The significance of superradiance for stability problems should now be 
clear. 

Of course, the canonical example of a spacetime admitting superradiance 
is KerrlH The geometry of Kerr is reviewed in section II. 2| for now, let us 
simply recall that there is a unique Killing vector field which is timelike at 
infinity and that this vector field is spacelike on (almost all of) the horizon. 
If we let T denote this vector field and ^ denote the unique Killing vector 
field which vanishes along the axis of symmetry, then the energy density 
along the horizon for a solution ifj to the Klein-Gordon equation is 

Re[T^(T^ + ^c,^)]. (1.4) 



^Note that any spacetime of the form (R x M, —dt^ + gM}-, with (M, (?m) a Riemannian 
manifold, admits a globally defined timelike Killing vector field corresponding to time 
translation. Thus, superradiance is a truly Lorentzian phenomenon. 

■^The next most interesting examples from the instability point of view are perhaps 
"small" Kerr-Ads black holes. 
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When the black hole possesses non-zero angular momentum (a 7^ 0) it is 
clearly possible for this quantity to be negative, and thus, in principle, energy 
can radiate out of the black hole. 

Our exponentially growing solutions will be superradiant bound statesjll 
i.e. the energy flux will be negative along the horizon, and the solution will 
spatially decay exponentially fast so that no energy is radiated away to 
infinity. For such solutions the energy coming out of the black hole cannot 
escape; this is what provides the mechanism for the exponential growth. For 
technical reasons we will first construct bound state solutions which have 
exactly zero energy flux on the horizon. As one expects, these solutions will 
neither grow nor decay. Then, a perturbation argument will produce the 
exponentially growing solutions. 

1.1 Linear Stability of The Wave Equation 

The wave equation is simply the Klein-Gordon equation with /i = 0. It is 
instructive to contrast our instability result for the Klein-Gordon equation 
with previous work showing that the wave equation is linearly stable. Due 
to the difficulties of superradiance and the complicated trapping structure 
of Kerr, the most basic boundedness and decay statements for the wave 
equation on the Kerr spacetime remained unresolved until the quite recent 
[12 j (we should also mention the previous [32] and [20]). This breakthrough 
followed a lot of earlier work restricted to Kerr spacetimes with (|a| <C M), 

e.g. |9], m], m, la, m, m, m, and m- 

The instability result of this paper serves to the emphasize the subtle 
effects superradiance can have on the linear stability problem and helps to 
"explain" why even establishing boundedness for the wave equation on Kerr 
is difficult. In particular, since the Klein-Gordon equation decays faster 
than the wave equation on Minkowski space, one may have expected that 
the Klein-Gordan equation would be easier to control. However, as \a\ — )• 
(where superradiance is weaker and one expects the problem to get easier) 
we have produced exponentially growing and finite energy solutions with 
arbitrarily small mass. Thus, any argument used for the wave equation must 
break down for Klein-Gordon equations with arbitrarily small mass. On a 
more conceptual level, we see that as one passes into the relativistic world, 
new obstructions to boundedness, not just decay, arise in the superradiant 
bounded-frequency regime. 

^Recall that it only makes sense to consider bound state solutions when the mass of 
the scalar field is non-zero. 
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1.2 The Geometry of Kerr: The Ergoregion and Superradi- 
ance 



In this section we shall briefly review the relevant aspects of the geometry of 
Kerr. For a true introduction to the Kerr spacetime we recommend |37] and 
[29j . The lecture notes [TT] provide a good introduction to the interaction 
between the geometry of Kerr and the behavior of linear waves. 

1.2.1 Coordinate Systems 

Outside the black hole, the Kerr metric in Boyer-Lindquist coordinates 
{t, r,9,(f)) G M X (r+, oo) x given by 



/ 2Mr\ ,2 4Marsin2 6l, ,, . 

g = -{l ^ dt^ dtdcf) + ^dr^ + p^d9^ + sm^ O—c 

\ p J P A 
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r±:=M± yjM"^ - a?, 
A := — 2Mr + = (r — r+)(r — r_), 
p2 — ^2 _^ a^cos^o^ 

n := (r^ + 0^)2 - a2sin2 6lA. 

There are two free parameters M and a. The first parameter M is the mass 
of the black hole, and aM is the angular momentum. The 1-parameter 
family where a = is known as the "Schwarzschild" spacetime. Some non- 
zero mass M of the spacetime will be fixed throughout the paper, so the 
term "mass" will always refer to (j,. For various reasons relating to the global 
geometry of Kerr, physically relevant Kerr spacetimes must satisfy \a\ < M 
|37j . Furthermore, we shall assume that we are sub-extremal, i.e. \a\ < M. 
This assumption guarantees that r± both exist and are distinct. 

Though Boyer-Lindquist coordinates are often convenient, they break 
down when r = r_|_. We shall thus introduce another coordinate system. Let 
us define two functions t{r) and (j){r) on (r+,oo) up to a constant by 

di _r'^ + a? 
dr '~ A 

d(p a 
dr '~ A' 

Then we define Kerr-star coordinates {t* ,r,9,(j3*) by 

t*{t,r) ■=t + t{r) 
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<p*{<f>,r) := + (j){r). 
In these coordinates the metric becomes 

/ 2Mr\,,^,2 4Marsin2 6' , ^ , ,^ 
g = -n- {dt ) dt*d(l)* + 2dt*dr+ 

p'^dO^ + sin^ eIL(d(l)*f - 2asin2 9drd(p*. 
p^ 

Note that we can now ahow {t* ,r,9,(j)*) G M x (0, cx)) x S^. The horizon is 
defined to be the nuh hypersurface {r = r+}. This is the boundary of the 
black hole. We call the region {r > r+} the "domain of outer communica- 
tion." Lastly, we note that in their common domain, dt in Boyer-Lindquist 
coordinates is equal to dt* in Kerr-star coordinates. A similar statement 
applies to (9^ and d,f,* . 

1.2.2 The Ergoregion and Superradiance 

On Minkowski space, the Killing vector field T := dt is everywhere time- 
like. Combining this with the energy-momentum formalism [IJ immediately 
implies that + ^^II''/'(0IIl2 is constant in time. As in Minkowksi 

space, in Kerr we set T := dt- One finds that T is the unique Killing vector 
field which is timelike for all large r. Unfortunately, when 

A-a^ sin^ 6 <0 

then T is spacelike. This region is known as the ergoregion. Due to the 
ergoregion, the conserved quantity associated to T has no definite sign. 
Even more disturbing than this loss of a "free" boundedness statement is 
the Penrose process [37] , [8] , [30] . This is a thought experiment where a test 
particle exploits the ergoregion to extract energy from the black hole. In the 
introduction we have already explained how to see this energy extraction at 
the level of the Klein-Gordon equation (II. 4p . 

It is important to keep in mind that superradiance cannot occur if either 
a or vanishes. Lastly, we would like to emphasize that the problems 
of the ergoregion and superradiance occur for the wave equation. Hence, 
the presence of these two features alone certainly does not imply linear 
instability. 
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1.3 Precise Statement of Results 



We will rigorously construct finite energy solutions to the Klein-Gordon 
equation 

(□3 - V = 

on sub-extremal Kerr which grow exponentially. These growing solutions 
will be "mode solutions" of the form 

^p{t, r, 9, (j)) := e-''^h'"'^S^i{e)R{r) with € C and m € Z. (1.5) 

Here {t, r, 6, (p) are Boyer-Lindquist coordinates where, as is well known, the 
Klein-Gordon equation separates. The functions Smi and R must satisfy 
appropriate ordinary differential equations and boundary conditions (see 
section [2]) so that iIj solves the Klein-Gordon equation, extends smoothly to 
the horizon (where Boyer-Lindquist coordinates break down), and has finite 
energy. For our mode solution to grow with time, we must have Im(a;) > 0. 
Such solutions are called "unstable modes." We say that these modes "lie 
in the upper half-plane." Mode solutions with w G M will be called "real 
modes." We say that these modes "lie on the real axis." It will be convenient 
to refer to the tuple {uj,m,l, fi) as the "parameters" of the mode. 
We can now state our main result: 

Theorem 1.2. Fix a sub-extremal Kerr spacetime with mass M and angular 
momentum aM . Let m G Z andcoQ £ M satisfy am — 2Mr^uJo = and am 7^ 
0. Then, for each I and sufficiently small 5 > 0, there exists ^(0) > |cjr(0)|, 
real analytic iOR{e), and real analytic ^{e) such that for every —5<e<5, 
there exists a mode solution with parameters (w_R(e) + ie, m, /, /i(e)). These 
unstable modes must all be superradiant 



\am\ - 2Mr+Y'^^|(e) + > 0. 
Lastly, the modes lose mass as they become unstable 

|(0,<0. 

The construction of the exponentially growing modes is achieved by per- 
turbing modes corresponding to real oj. Thus, before proving Theorem 11.21 
we will undertake an analysis of modes corresponding to real uj. For these 
modes we have two main results. The first is an existence result (already 
contained in Theorem ll.2p . The second shows that the assumptions on the 
frequency parameters from Theorem 11.21 are necessary. 



8 



Theorem 1.3. Suppose there exists a mode solution with parameters (w, m, I, //) 
such that w G M and fp' > w^. Then the following statements are true. 

1. We have am — 2Mr^uj = 0. 

2. We have am ^ 0. 

3. There exists a function C{m, I) such that liP' < fP < uj'^ -\- C{m, I) and 

lim C{m,l) = 0. 

l—^oo 

We will close the section with two remarks. First, we note that we can 
rephrase the condition am — 2Mr+cj = more geometrically. Let y be a 
null generator of the horizon, e.g. T+ jM^^- Then 

am — 2Mrj^uj = 44> Vip = Q No energy flux along the horizon 

Thus, our real mode solutions are simply solutions to the Klein-Gordon 
equation with exactly vanishing energy flux along the horizon. 

Second, an appropriately modifled version of Theorem 11.31 also holds if 
cj^ > Instead of requiring finite energy, one should enforce the outgoing 
condition 

R ~ at oo. 

r 

Here r* is defined up to a constant by 

dr* + 
dr ~ A ■ 

Though we will not pursue this here, one can rule out such solutions by 
modifying the arguments of |33j . 



1.4 Previous Works on Modes 

To the best of the author's knowledge, there are no previous rigorous con- 
structions of growing solutions for the Klein-Gordon equation. However, 
there are a few results which rule out growing modes in certain parameter 
ranges. In f5] Beyer showed that no unstable modes can exist if 
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In [TT] it is noted that if a is small, and fj, is small relative to a and m, 
then the techniques developed by Dafermos and Rodnianski in [9] can be 
used to show that no unstable modes exist. Finally, unstable modes for the 
wave equation were ruled out in the ground-breaking mode stability work 
of Whiting [Mj- 

Though they will not directly concern us here, it is worth mentioning that 
there is a large literature devoted to studying quasi-normal modes (generally 
for the wave equation). These modes have Im(a;) < and satisfy different 
boundary conditions than the ones considered in this paper. One expects 
these to contain a great deal of precise information about the decay of scalar 
fields. See [22] for a review of the role of quasi-normal modes in the physics 
literature. For a sample of the mathematical study of quasi-normal modes 
and corresponding applications (to black hole spacetimes), we recommend 
[3], m, [26], IS], US], [H], [36], m], and the references therein. 

1.5 Black-Hole Bombs and The Physics Literature 

Soon after the discovery of superradiant wave scattering |39j . the authors of 
|31j speculated about placing a mirror around a black hole which would re- 
flect superradiant frequencies. They argued that this would create a positive 
feedback loop and result in a "black-hole bomb." Naturally, one is led to 
wonder if this superradiant instability can arise in a more physically natural 
fashion. A key breakthrough came in 1976 when Damour, Deruelle, and 
Ruffini observed that a good candidate is the Klein-Gordon equation with 
non-zero mass |13j . A few years later, Zouros and Eardley [ID] and Detweiler 
|17j developed more involved heuristics, all leading to the same conclusion. 
In particular, a connection was drawn between unstable modes for the Klein- 
Gordon equation and the existence of bound Keplerian orbits outside the 
ergoregion (see appendix |D|). Furthermore, they gave some approximations 
for the instability rates. Various extensions/refinements, numerical and oth- 
erwise, of these results continue to appear in the physics literature, e.g. [23] . 
|18j . and the references therein. Many of the studies of unstable modes in 
the physics literature rely on the WKB approximation ([17J is an exception). 
Even if these WKB arguments were made rigorous, they would only become 
accurate as Z — )• oo. Since our techniques are variational, no large param- 
eter is necessary, and we produce a much more complete picture. We also 
remark that it is expected that small Kerr-Ads black holes should exhibit 
superradiant instabilities [6], [7]. 
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2 Mode Solutions 



Before discussing the proofs of the theorems, we will provide a brief review of 
mode solutions and the corresponding boundary conditions. As mentioned 
above, we work in Boyer-Lindquist coordinates and consider solutions of the 
form 

i}{t,r,e,(l)) := e''''^e'""''Smi{e)R{r) with a; G C. 

In order for ip to satisfy the Klein-Gordon equation, Smi and R must satisfy 
appropriate equations: 




We will refer to (|2.ip as the angular ODE and (|2.2p as the radial ODE. 
We would like to impose boundary conditions so that ^ extends smoothly 
to the whole spacetime and has finite energy. First of all, we must have 
m G Z. Next, when uj is real, one can show that imposing the condition 
that e^'^'^S^iiQ) extends to leads to a regular Sturm-Liouville problem 
for Smi with simple eigenvalues. In appendix iBl we will show that one may 
embed these eigenvalues into holomorphic curves X^i such that for each 
At G C with sufficiently small imaginary part, the \mi is an eigenvalue for 
an angular ODE with k = a^(a;^ — fi'^). We thus get a discrete set of 
eigenvalues {A^;} for which equation (12. ip has a solution. For real uj we 
will have lim^-s^oo Am/ = oo. We will index the Smi in such a way that in 
the a = case, the S^i are simply spherical harmonics with eigenvalues 
^mi = + 1) — From this it is not hard to see that when u is real, 

^mi + a^oJ^ > \iTi\ (|m| + 1) . 

We are left with the question of boundary conditions for R. Since Boyer- 
Lindquist coordinates break down on the horizon, we will need to change to 
Kerr-star coordinates (section ll. 2. ip . We now ask if 

tP{f,r,(P*,9) = e-*'^(**-*(^))e*™('^*-^("))5w(0)i?(r) 
extends smoothly to r = r+. This will happen if we can write 

R(r) = e-*H^)-™^W)/(r) (2.3) 
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where / extends smoothly to r_|_. Let's define 

^ i(am — 2Mr^uj) 
r_|_ — r_ 

It is easy to see that ()2.3p is equivalent to 

R{r) = (r - r+)^ p{r) (2.4) 

for some smooth function p. The local theory in appendix lC.il will show that 
this gives a one dimensional space of solutions to the radial ODE. Recall that 
we defined an r* coordinate up to a constant by 

dr* + 



dr A 

Then, assuming u is real and equation (j2.4|) holds, we will have 
dR C(^+ ~ ^- 



dr* 2Mr+ 



-R + 0(r - r_| 



^ hiU; 7T — LR = 0(r-r+). (2.5) 

Lastly, we will also need ij} to have finite energy. Hence, for large r we must 
require 



Jr++1 \ 



dR ^ 



dr 



r'^dr < oo. (2-6) 



3 Proof of Theorem 11.3b Restrictions on Mode 
Solutions Corresponding to Real cu 

We will start with the proof of Theorem 11.31 since it is simpler than and mo- 
tivates the hypotheses of Theorem ll.2[ We have placed some more technical 
aspects of the argument in the appendix. 

3.1 Part[I] 

Let ii be a mode solution with parameters (a;, m, I, /j,) such that a; G M and 
fj? > ljj^ . We wish to show that 

am — 2Mr+a; = 0. 
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As reviewed in appendix [Cl an asymptotic analysis of the radial ODE 
shows that all solutions are either exponentially growing or exponentially 
decaying at infinity. Since our mode solution must have finite energy (|2.6p . 
we conclude that R is exponentially decaying at infinity. 

Next, let's define the energy current, 

Q,:=In,(A^ij). 

The radial ODE implies that 

dr 

Since R must decay exponentially at infinity, we have Qt{oo) = 0. Hence, 
using the horizon boundary condition (j2.5p . we get 

= Qr(r+) = (2Afr+)Im ^^(r+)i?(r+)^ = (am - 2Mr+w) |-R(r+)|^ . 

Thus, either am — 2Mr+a; = or R{r+) = 0. However, R{r^) = implies 
that R is identically (appendix [C]l . We conclude that am — 2Mr^uj = 0. 

3.2 Part [2] 

Again we let R he a mode solution with parameters {u},m,l, fj,) such that 
G M and fi^ > oj^. From the previous section we know that we must have 

am — 2Mr^L0 = 0. 

We now wish to show that 

am 7^ 0. 

Using am — 2Mr^u; = 0, we may write 

= -{r^ + a^fuj^ + AM^uj^r+{2r - r+) + A (A^; + a^uj^ + rV^) • (3.1) 
We now argue by contradiction. If 2Mr^uj = am = 0, then 

V^ = A {X^i + rV^) > 0. 
Now consider the function 
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Since our mode solution must be exponentially decreasing at infinity, we 
see that /(oo) = 0. The boundary conditions at the horizon imply that 
/(r+) = 0. Hence, 



r+ 



dr 



dr 





dR 


CM 




dr 



+ 



dr. 



This contradicts the non-triviality of R. 



3.3 Part [3] 

We still let i? be a mode solution with parameters {uj,m,l, fi) such that 
(x> G R and fi^ > uJ^ . From the previous two sections we know that 

am — 2Mrj^ijj = 0, 

am 7^ 0. 

We wish to show that there exists a function C{m,l) such that 
uj"^ < f/ < uj"^ + C{m,l). 
It is immediately clear from ()3.ip that there exists C{m,l) such that 

^2 > uj^ + c{m,i) ^ v;, > ol 

Now the proof concludes exactly as in section 13.21 



4 Proof of Theorem II. 2t Construction of Mode 
Solutions 

Now we will prove Theorem 11.21 As in the previous section, we have placed 
some more technical aspects of the argument in the appendix. 



4.1 Outline of Proof 

Before beginning the proof we will give a brief outline. As mentioned in 
the introduction, we start by constructing real mode solutions. The key 
technical insight is a variational interpretation of real mode solutions. The 
variational problem will posses a degeneracy, but this will turn out to be a 

^The key point being that am - 2Mr+uj = V^(r+) = 0. 



14 



minor technical problem. Next, we will perturb our real mode solution into 
the upper complex half-plane by slightly varying uj and fi. This argument 
relies on observing that mode solutions are in a one to one correspondence 
with zeros of a certain holomorphic function of uj and //. Given this, an 
appropriate application of the implicit function will conclude the argument. 
Lastly, we analyze how a mode in the upper half-plane can cross the real 
axis. The upshot will be that as long as we are in a bound state regime 
(/x^ > w^), a mode must become superradiant (proposition 14. 6p and lose 
mass (proposition 14. Sh as it enters the upper half-plane. Putting everything 
together will conclude the proof of Theorem 11.21 

4.2 Existence of Real Mode Solutions 

We begin with construction of modes corresponding to real uj. In light of 
Theorem 11.31 we shall set am — 2Mr^uj = 0, assume uj ^ 0, and be ready to 
take /x^ sufficiently close to w^. 

4.2.1 A Variational Interpretation of Real Mode Solutions 

First, we shall need to review the local theory for the radial ODE. As recalled 
in appendix[Cl when am — 2Mr^uj = 0, a local basis around r+ of solutions 
to the radial ODE is given by 



where the ipi are all analytic near r^, (/?i(r+) = 1, ip2{r+) = 1, and 923 (r+) = 
0. Our to be constructed mode solution R should be a non-zero multiple 
of (fi . As we already observed during the proof of Theorem II. 3^ the finite 
energy requirement (j2.6p and the local theory from appendix [Cl implies that 
near infinity R must be exponentially decreasing. It will be useful to further 
observe that the local analysis shows that if a solution of the radial ODE is 
not exponentially decreasing, then it is exponentially increasing. 

Next, we explore the graph of the potential V^. It is not hard to see 
that for sufficiently close to w^, there exists r+ < r^(/x^) < rsifJ-'^) < 00 
such that is positive on (r+,rA), negative on (r^,r5), and then positive 
on (tb, 00). This suggests that we could look for bound states of the radial 
ODE by minimizing the functional 
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over functions of unit norm. Note that any solution / of the radial ODE 
with C^{f) < oo will automatically satisfy the correct boundary conditions. 
This is the crucial way that the am — 2Mrj^(jj = assumption enters the 
construction. The degeneration of the radial ODE at r_|_ poses some difficul- 
ties for a direct variational analysis of C^. Nevertheless, we will be able to 
overcome this by working with regularized versions of C^. In section [4.2.21 
we will prove the following two propositions. 

Proposition 4.1. For every jjL sufficiently close to hut larger than oj, there 
exists a non-zero f^ satisfying the boundary conditions of a mode solution 
and V/j, < such that 



dr V dr 



A— ( ) - V^f^ + u^Af^ = 0. 



Furthermore, can he taken to he increasing in /i^. 

Proposition 4.2. There exists fiQ and corresponding /^^ such that v^^^ = 0. 
The is the real mode solution we seek. 

We will close the section with a preparatory lemma. Let's fix cj, m, and 
I which are assumed to satisfy am — 2Mr^u} = and w G M \ {0}. Define 

A := {n > : fi^ > and 3f G with < O} . 

Lemma 4.3. Let n he sufficiently close to but larger than ui. Then we will 
have 

H£ A. 

Proof. For every fixed /, C^{f) is continuous in fi. Thus, it is sufficient to 
find a smooth / with compact support such that 

CM) < 0. 

First, we note that near infinity 

^ = -2Ma;V + 0(l). 



Hence, for / supported in (A, oo) with A large, we write 

CM) -- 




dl 
dr 



- {2Muj'^r + 0{l)) l/n dr. 



Since 7^ 0, if we set / to be equal to r~^/'^ on a sufficiently large compact 
set K and outside a slight enlargement of i^, it is clear that we can make 
Cui{f) as negative as we please. □ 
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We remark that this lemma is the only place where we shall use the 
(x) / hypothesis. 



4.2.2 Analysis of the Variational Problem 

It will be useful to consider the following regularization of C^: 



+ f l/r dr. 



Lemma 4.4. // ^u^ > uj"^ , then there exists f^^ G i?Q(r-|- + e, oo) with unit 
Ll^ir^ + e, oo) norm such that £}r^ achieves its infimum over + e, oo) 

functions of unit L'^{r^ + e, oo) norm on ff 



Proof. If omitted, all integration ranges are over (r_|_ + e, oo). Since is 
increasing in ^u^, is non-negative near r_|_, and goes to infinity at r = oo, we 
can find r+ < i?o < -^i, Cq > 0, and Ci > only depending on a lower 
bound for such that 



1" 


4f 




dr 



+ Corh[Bo,B,]^ (/u' - o;^) |/|' j < Ci |/|' dr + L^^\f). 

(4.1) 

From this it is clear that 

:= inf {£(;)(/) -.feC^ and H/l^^ = l} > -oo. 

fn,li I be a sequence of smooth functions, compactly supported 

in (r^ 



e, oo), with 



= 1, such that 



The bound ()4.ip implies that 



Jn,fM 



is uniformly bounded. We now 



apply Rellich compactness to produce a fjf^ G Hq such that a re-labeled 
subsequence of | ftjj, | converges to /^l*^^ weakly in and strongly in on 
compact subsets of (r-|_,oo). 

We claim that no mass is lost in the limit, i.e. ||//1'^^||l2 = 1. Suppose 
not. Then, for any compact set K, there will exist infinitely many of the 



/n,/t's such that 



J 1 



L2{[r+,^)\K) 



> a > 0. 
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It is easy to see from (j4.ip that this will give a contradiction if K is suffi- 
ciently large. 

Using the boundedness of weak limits and the strong convergence, 
we then get 



^<C^ fe))<liminf£W (/(' 



(^) 



This implies that C^^^ achieves its minimum on flf' . 



□ 



Now we are ready to prove proposition 14.11 
Proof. First we observe that is bounded and decreasing in e. Set 

I J e>0 

= lim^-^o ■ Lemma 14.31 implies that £ A which in turn implies that 
ly^ < 0. For any interval K = (r+ + ^,n) with n large, (14. ip implies that 



sup 

e>0 



< oo. 



inf 

e>0 



J u 



> 0. 



After an application of Rellich compactness and passing to a subsequence, 
we may find a non-zero G that is a weak and strong L'^^^ limit of 

Jf^ ■ 

Using the Euler-Lagrange equations associated to we find 



( 



d 



dr 



dr 



On any compact subset K of (r+jCxo), boundedness of weak limits and the 
Li^^ convergence of the fjf^ imply that 



A 



K 



dr 



< v., 



A 



dfu 



dr 



dr < oo. 



(4.2) 



Near r_|_ the local theory from appendix [Cl implies that 
ff, = Aipi + B (log(r - r+)992 + V's) 
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for some constants A and B and non-zero analytic functions ifi. However, 
if 5 / 0, then 



/ ^ 









dr 



oo. 



Hence, i? = 0. Near infinity the local theory from appendix [C] implies that 
that is asymptotic to a linear combination of an exponentially growing 
solution and an exponentially decaying solution. The bound (j4.2p clearly 
implies that is in fact exponentially decaying. Thus, satisfies the 
boundary conditions of a mode solution. □ 



Finally, we can prove proposition 14.2 



Proof. First we will show that is continuous for £ A. Let us normalize 

1. We have 



each f^^ so that 



L2 



r++e 



^^2 



12 2 1 



A 



dr. 



Ml 



dr > 



Reversing the roles of //i and /U2 gives 



Ml M2 



^ \ 2 21 
< /^l - M2 



•'Ml 



+ 



'M2 



We have used (j4.ip in the last inequality. Since the constant C is indepen- 
dent of e, we may take e to 0. 

Since 7^ 0, by lemma HTSl we may set 

^0 supyi. 

It is clear that for any ^ G yi, we cannot have strictly positive on (r+, 00). 
Thus fiQ < 00. Since is increasing in fj,, we may extend continuously 
so that exits. 



We will of course have u^o < 0. Suppose that Un^ < 



Then, by continuity we could slightly increase fiQ to with f^j^ < 0. This 



of course contradicts the definition of /Uq. We conclude that =0. It 
remains to show that there exists a corresponding /^^ . From the local theory 
in appendix [Cl for every fi and i^, we have a unique solution R{r, fi, v) to 



d_ 

dr 



A 



dR 
dr 



V^R + u/\R 
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which satisfies R{r^, fj,,!^) = 1. At infinity there will be a local basis of 
solutions spanned by pi{r,fi,i^) and p2{r,fj,,i') where pi is exponentially 
increasing, p2 is exponentially decreasing, and both depend analytically on 
r, p, and i^. Lastly, we have analytic connection coefficients j4(^, z^) and 
B{p,i>) defined by 

R{r, p, v) = A{p, v)pi{r, p, v) + B{p, v)p2{r, p, v). 

We may pick pi f po such that A{pi,v^.) = 0. It follows that A{pQ,ti) = 0. 
We may then set 

/^o(r) := R{r,po,0). 

□ 

4.3 Construction of the Exponentially Growing Modes 

In this section our goal is to perturb the real modes into the complex upper 
half-plane with an appropriate application of the implicit function theorem. 
Using the previous section we may start with a real mode R with frequency 
parameters (a;ij(0), m, /, /i(0)) such that ujr{0) G M and ^^(0) > u!%{0). For 
any w = ujR + iui and p sufficiently close to ujr{0) and p{0) respectively, the 
local theory from appendix [C] will give us two linearly independent solutions 
to the radial ODE pi{r,uj,p) and p2{r,L0,p) such that pi is exponentially 
increasing at infinity, p2 is exponentially decreasing at infinity, and both 
depend holomorphically on u and analytically on p. Furthermore, the local 
theory around r_|_ tells us that, up to normalizing properly, for each u = 
ujR+iuj and p we have a unique local solution R{r, u, p) around r_|_ satisfying 
the boundary conditions of a mode solution. We have 

R{r,u},p) = A{u},p)pi{r,uj,p) + B{uj, p)p2{r,uj, p). (4.3) 

As shown in appendix [Cl A and B are holomorphic in u and p. Finding 
a mode solution is equivalent to finding a zero of A. We have picked our 
parameters so that A{ujji{0), p{0))) = 0. Let's write A = Ar + iAj. Next, 
we note that an application of the implicit function theorem will produce 
our unstable modes if we can establish 

/ OAr dAR \ 
det 1^ 1^ (a;^(0),MO))/0. 

\dujR d^i / 

In order to do this, we shall return to the the energy current 
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Recall that in section [3] we saw 

dQr 



0, 



dr 

Qt{t-\-) = am — 2Mr^Ljjfi. 

We have used the normahzation |i?(r-|_)|^ = 1 in the second statement. Next, 
let's write Qt in terms of pi and p2- 

Qt = \A\^ Aim (^w) + Aim U^Wi] + 

Before examining this at infinity, let us note the precise asymptotics of the 
Pi as recalled in appendix [Cl 

1+- 



P2 ~ e"V^^^^V V''^-"fl . 

Furthermore, it's easy to see from the construction of the pi that they are 
both real valued. Now let's compute Qt{oo). Since the pi are real, the first 
and last terms clearly vanish. The exponential powers cancel in the middle 
terms, and we find 



Qt(oo) = yjp^ - a;2 Im (AB) - ^ p? - a;|lm [BA) = 2^ p^ - a;|lm {AB) . 
We conclude that 



am-2Mr+uJR = 2^^ p"^ -ujj^lm{AB) . (4.4) 
Since A{u;r{0), p{0)) = 0, taking derivatives of ()4.4p implies that 



-2Mr+ = 2^/i2(o) _^2(o)iin f ^ {cor{0), p{0)) B {cor{0), p{0)) 
= 2^/z2(0)-a;|(0)Im (wi?(0), /x(0)) B (w^(0), ^(0))) . 
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Since B ((^/j(0), //(O)) 7^ 0, these two equations imply that and ^ are 

dfj. 

du)R du 
dAi dAi 
dui R d^i 

It remains to estabUsh 
Lemma 4.5. 

dA , 

IT,*'- 

Proof. For the sake of contradiction, suppose that ^ (wij(0),/i(0)) = 0. 
Differentiating (j4.3p gives 

^(r,a;^(0),/i(0)) = |-(t.^(0), /x(0))p2(r, Wij(O), /.(0))+ 

i?(a;K(0),/i(0))^(r,a;fi(0),M(0)). 

This imphes that ^ is exponentially decreasing at infinity. Differentiating 
the radial ODE with respect to /i, multiplying by i?, and integrating gives 

Integrating by parts twice on the left hand side will produce no boundary 

dR 
dfj. 

real parts then gives 



linearly independent at (a;j^(0), /u(0)) if and only if ^ {u)r{0), fM{0)) / 0, i.e. 
det ( g £ ) ^0^1^ / 0. 



terms since both R and ^ are exponentially decreasing at infinity. Taking 



2nr^ + — ] \Rf dr = O^R = 0. 



Proposition IB. 31 from the appendix says that 

— >0 

This contradicts the non-triviality of R. □ 
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4.4 Modes Crossing the Real Axis 

In this section we shall investigate how a mode can "cross" the real axis. 
Let's introduce a little more notation. From the analysis of the previ- 
ous section we have a family of mode solutions R{r, e) with parameters 
{uj{e),m,l, fi{e)) where uj{e) = ujR{e) + ie. Implicitly we have also been us- 
ing the existence of a family X^i (e) of eigenvalues to the angular ODE (see 
proposition IB . 1 p . These functions are all defined for |e| ^ 1. In what follows 
we will often omit the e's and we shall assume < ix>/j(e) < /u(e). Using the 
symmetry of the equations under {uj,m) i— )• {—u, —m) one may check that 
this assumption implies no loss of generality. The function R will satisfy 

i ( a m — 2 A/ r _|_ a; ) 

R ^ {r — r-(_) '■+-'■- at r+, 

R ^ g-rVA'^-'^V at r = oo, 

■= -(r^ + a^fu? + AMamruj - a^rn^ + A (A + a^u? + ^^r^) . 
We also have 



sm 



sm( 



9de\ 89 



J \sin 6 J 



where S{-,e) : 6 E (0,7r) — )• C is given boundary conditions which make it 
regular at 6 = 0,tt (see appendix |B]) . Note that we have suppressed the m 
and / indices from 5.^/ and Xmi- 

Prom Theorem 11.31 we know that 

, , am 

ujr(0) = ——. (4.5 

We wish to investigate the signs of ^^(0) and §^(0). The condition 14.51 
corresponds to our mode solution being exactly on the threshold of superra- 
diance. This makes sense because when e = the solution neither grows nor 
decays with time. For e > the mode solution will grow with time. Hence, 
we expect the mode to become superradiant: 

, , am , , , 

This leads us to 
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Proposition 4.6. If e > we must have 

( 



In particular 



'^l(e) + < 
dojR 



am 



V 2Mn 



de 



(0) < 0. 



Proof. Once again we return to (a slight variant of) the microlocal energy 
current: 

dR- 



For e > we have 



Qt := Im ( A—uR 



Qt(oo) = QT{r+) = 



dQr 
dr 



eA 



-eA 



dR 



dR 




dr 


+ Im I 



dr 



Im 



^^"^ ^^R?\dr = 0. 



A 



We have 



Im(-V^ZI;) = e[{r'^ + a^f\uj\-a^m^ + Ar"^!?] - AIm((A + 



a'^uP') uj) . 



Proposition IB. 21 from the appendix gives 

-Im((A + a^w^)aj) > 0. 
Furthermore, Im (— V^u;) is increasing in r. Thus, R ^ implies that 

Im(-V;,LJ) (r+) <0^ 



w|(e) + < 



(- 



am 



V2Mn 



□ 



Proposition 4.7. 



-£{0)>O^Re — {0)>0. 



de 



de J 
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Proof. Let's set 

_ds 

At e = we have 



1 d / . „dS. 



sm ( 



Ode \ 09 



\ _ _ ^2 / 2 _ ^2^ ^Qg2 g \ ^ ^ 

J \ sin 6 ) 

One may check that is regular at = 0, vr. Multiplying by S and inte- 
grating by parts implies 

Using proposition 14.61 we conclude that 

f(0),O.Ke(|),0),„^ 



□ 



Finally, we examine ^(0). 
Proposition 4.8. 

Proof. Let's set 



I (0X0. 



We have 



Now we want to multiply by R and integrate by parts. However, we have 
to be careful with regards to R'^s boundary conditions. At infinity -R^ may 
easily be seen to be exponentially decreasing, but at r_|_ the proper condition 
is more subtle. By construction 

— i ( a m — 2 Ai" ?■ oj ( e ) ) 

(r - r+) '■+-'■- R{r, e) =: G{r, e) 
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is analytic in r and e near (r+ , 0) . At e = we have 

— i{am — 2A'Ir_^oj) 

1 — z-^ — j [f ~ '''+) + iog(r — r+j/t = 



r-L — r_ 



Now we multiply (j4.7p by R, take the real part, and integrate by parts. We 
end up with 

-2Mr+ |i?(r+)|2 = Re ) \R\' dr = 

Now proposition 14.71 finishes the proof. □ 



5 Following the Unstable Modes in the Upper Half 
Plane 

Following our construction of unstable modes near the real axis, it is nat- 
ural to ask if one can continue to decrease // and produce more unstable 
modes. We will not explore this in detail in this paper, but we will briefly 
describe the expected behavior. One believes that one can vary /i and pro- 
duce a 1-parameter (at least continuous) family of modes with frequency 
parameters //, m, As long as these modes are in the upper half 

plane, proposition 14.61 shows that they will remain superradiant. Hence, if 
and when they cross the real axis, they will satisfy \uj\ < J^^^ . Now, note 
that proposition 14.81 implies that in the bound state regime (/i^ > cj^), an 
unstable mode can cross the real axis only by increasing the mass. Hence, 
as long as we decrease /U and maintain fi > J^^^ , the curve of modes cannot 
cross the real axis, and, by continuity, we conclude that these modes would 
have to remain unstable. 

®A potential approach is to more directly exploit the underlying analyticity, see [32) 
and [22] for ideas along these lines. 
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A Linear ODE's with Regular Singularities 

Let's recall some facts about linear ODEs in the complex plane. 
Lemma A.l. Consider the complex ODE 

^ + fiz,X)^+giz,X)H = 0. (A.l) 
az^ az 

We will assume that there exists {/j(A)}, {gj{X)}, '''' ^'^'^ 
open U C C such that in Br{zQ) and for every compact K C U 

|/j(A)| < f}^^ and \gj{X)\ < cf^ when XeK, 



oo 



G^f^^ {z — zqY and '^^Fj^\z — zoy converge absolutely, 

j=0 j=0 

{/j(A)} and {^^(A)} are holomorphic in X € U, 

oo oo 

{z - zo)f{z,X) = ^/j(A)(z - zoY and {z - zofg{z) = '^gj{X){z - zq)^. 

j=Q j=0 

If these hypotheses hold we say that zq is a regular singularity. Set 

Q{a, A) := a{a - 1) + /o(A)a + 5fo(A). 
The indicial equation is 

Q(q,A) = 0. 

We suppose that a holomorphic a (A) has been chosen such that 

Q{a{X),X) = and min \Q{a{X) + j)\ = A{X) > 0. 

jez+ 

Then there exists a unique solution to iA . 1\) of the form 

hiz,X) = iz-zor^^^piz,X) 

such that p{zq,X) = 1. Furthermore, p is holomorphic for z E Br{zQ) and 
X€U. 
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Proof. One can extract a proof of this from the discussion of regular singu- 
larities in pSJ- For the sake of completeness we will give the needed slight 
extension here. Without loss of generality we may set zq = 0. We begin by 
looking for a formal solution of the form 

oo 
j=0 

where we set poi^) = 1- Formally plugging this into (jA.ip we find (see p8] ) 

g((a(A),A))=0, 

Q (q(A) + i, A) pj{X) = -Yl (("(^) + ^) /j-fe(^) + Sj-kW) PkW for j > 1. 

k=0 

Since Q{a{X),X) = by hypothesis, the first equation is satisfied. Fur- 
thermore, by assumption Q{a{X) + j) / for any j. Hence, the second 
equation determines Pj{X) recursively. This establishes the uniqueness of 
p. It remains to check that the series converges appropriately. We will do 
this by majorizing the series. Let us pick an arbitrary compact set K C U 
and ro < r. After applying Cauchy's estimate to the holomorphic functions 
Fj^'^ z^ and G^^^ z^ , we may find a constant Ck so that 

|/i(A)| < and |<7,(A)| < for X e K. 

Let /3(A) be the other root of Q{-, A), and set n{X) := |a(A) — /3(A)|. Since 
Q{a{X) + k, X) = k{k+a{X)— (3{X)), our hypotheses imply that a (A) — /3(A) 
Z<o. Next, define bj{X) by 

bjW = \PjW\ for j < n, 
j{j - |a(A) - m\)bjW = CkY1 (|a(A)| + A: + 1) bkiXy^o'' for j > n. 

k=0 

It is easy to check by induction that |pj(A)| < bj{X) for all j. For sufficiently 
large j, one finds that 

roJU - |«(A) - /3(A)|)6,(A) - (j - l)(j - 1 - |a(A) - /3(A)|)5,_i(A) = 

C^(|a(A)|+j)Vi(A). 

Now the ratio test implies that the series X^p.o bj{X)z^ converges in the ball 
of radius tq. Hence, by the comparison test, Y27Lo PjW^'' converges in the 
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same ball. Since tq was arbitrary, we find that for every A G -fC, Yl'jLo PjW^'' 
converges and is holomorphic in z G Br{0). Next we may freeze z £ Br{0) 
and consider p{z,X) = YlJLo PjW^'' as a function of A. For every compact 
K G U, our proof has shown that p{z, •) is a uniform limit of holomorphic 
functions. Hence, p{z, A) is holomorphic for X £ U. □ 



B The Angular ODE 

In this section we will establish the needed facts about the eigenvalues of 
the angular ODE. We assume throughout this section that m / 0. 
Set K := a?' [up' — p'^)- Then the angular ODE is 

1 d f . „dS\ ( m? 2 



. , sine— - — 5 Kcos^e LS + A5 = 0. 

sin^d^V de ) \sm^e J 

We have suppressed the m and / indices. 

Proposition B.l. Suppose that for some fixed kq £M we have an eigenvalue 
Aq. Then, for k, sufficiently close to kq, we can uniquely find a holomorphic 
curve A(k) of eigenvalues for the angular ODE with parameter k such that 
Ao = A(ko). 

Proof. Let's change variables to x := cos 9. Then the angular ODE becomes 
d ( ,^ r, dS\ ( rv? 



— (1 - x^)— - ^ - Kx^ 5 + A5 = with X G (-1, 1). 

dx \ dx ) \\ — x^ ) 

An asymptotic analysis (appendix |A]) at x = ±1 shows that any solution 
must be asymptotic to a linear combination of (1 =F 2:)'™' and (1 =F x)~'™' as 
X — )• ±1. If S" is an eigenfunction we clearly must have 

S~ (l±x)l"^l as x^ ±1. 

For any k and A we can uniquely define a solution S{9,k,X) by requiring 
that 

5(0,K,A) ~ (l + x)l"^l as x^ -1 (B.l) 
'S{;K,X){l + r^^\){x = -l) = l. 
We then have holomorphic functions F{k, A) and G(k, A) such that 
S{e, K, A) ~ F{k, A)(1 - x)-l™l + G{k, A)(1 - x)l™l as X ^ 1. 
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Since Aq is an eigenvalue, we have F{kq, Aq) = 0. We will be able to uniquely 
define our curve X{k) for k, near kq via an application of the implicit function 
theorem if we can verify that 

dF 

— (ko, Ao) / 0. 

For the sake of contradiction, assume that 

dF 



dX 



(ko, A, 



Set 



dS 



0. 



By differentiating (jB.ip and using that F and ^ vanish at (k;o,Ao), one 
may easily check that Sx still satisfies the boundary conditions of an eigen- 
function. It will also satisfy 



A. 1^(1 _ x^) — 

dx \ dx 



m 



kqx^ Sx + XqSx 



-S. 



Multiplying both sides of this equation by 5, integrating over (0, tt), and 
then integrating by parts will imply that 

\S\'^smede = 0. 

This is clearly a contradiction. □ 
Proposition B.2. 

ioi > ^ Im{[X + a^Lo'^) cj) < 0. 

Proof. Multiplying the angular ODE by uS, integrating by parts, and taking 
imaginary parts gives 



UJI 



dS 



de 



+ 



m 



sm 



+ a \uj\ sin 9 + a ^ cos ^ I 15*1 sin 



/ Im((A + aV)6j) l^l^sin^de. 

JO 



□ 



30 



Proposition B.3. When lo is real, we have 

— 

Proof. Let 

We have 

1 d f . „dSn\ f m 



sin 9 dO 



at7 / \sm / 



2aVcos20 - ^ ) 5. 

Multiplying the equation by S, integrating by parts, and taking the real 
part gives 

□ 



C Local Theory for the Radial ODE 

C.l The Horizon 

Let's apply the theory from appendix [A] to the radial ODE. Recall that we 
earlier set 

i{am — 2Mr^u}) 

? = • 

r+ — r_ 

First we consider the case where am — 2Mr^uj ^ 0. Li this case the indicial 
equation has two distinct roots which do not differ by an integer. Hence a 
local basis of solutions to the radial ODE around r+ will be given by 

|(r - r+)^/>i(r), (r - r+)"^/>2(r)| 

where each Pi{r) is holomorphic near r+ and is normalized to have Pi{rj^) = 
1. Our mode analysis showed that a mode solution must be of the form 
A{r — r+)^/9i(r) for some ^ G C. Hence, for every uj and p so that A is 
defined, we have a unique solution to the radial ODE of the form 

[r - r+fp{r,uj,p) (C.l) 
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where p{r^ uj, /i) is analytic in r, holomorphic in w, analytic in fi, and p{r^,u}, /x) 
1. Let us remark that if a mode solution with real u and am — 2Mr^uj 7^ 
vanishes at r_|_, it must vanish identically. 

Now let's consider what happens if am — 2Mr^u = 0. In this case the 
indicial equation has a double root at a = and lemma PV.ll onlv produces 
one solution near r^. One must then consider solutions which have a loga- 
rithmic singularity at r+. The standard theory (see [28]) then implies that 
a local basis of solutions is given by 

{99i(r),log(r - r+)ip2{r) + ^psir)} 

where the Ui are all holomorphic near r_(_, ipi(r^) = 1, {p2{r^) = 1, and 
(/73(r4_) = 0. It will be important to note that lemma \A.1\ implies that (pi is 
embedded in the family of local solutions IC.li 

Lastly, it will be useful for the bound state analysis to note that every- 
thing said in this section so far applies verbatim to the equation 

d / ^dR\ _ _ = for z/ e M. 
dr \ dr J 

C.2 Infinity 

The local existence theorems quoted in this section can be found in chapter 
7 of [28]. Let us note that the radial ODE can be written as 

drA dR v;. „ _ 

Let's write uj = ujpi + i^i- We will need to construct a local basis at infinity 
that depends holomorphically on oj and analytically on ji. 

Lemma C.l. For all cu and fi with p? — io"^ (— oo,0] there is a unique 
pi{r,u),fj,) which solves the radial ODE and satisfies 

_i_M2^^ / ^ ^ M(2c.2-^2) \ 



Furthermore, pi depends holomorphically on uj and p. The square root is 
defined by making a branch cut along the negative real numbers. 
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Proof. One can more or less extract a proof of this from the discussion 
of irregular singularities in Chapter 7 section 2 of [28]. For the sake of 
completeness we will give the needed slight extension. We let C denote a 
sufficiently large constant which can be taken holomorphic in fi and oj. One 
may find a formal solution to the radial ODE of the form 

where bq = 1 and the aj are holomorphic in u and ^. See Chapter 7 section 
1 of [28] for the computations behind this. Let's set 



0=0 
Then 

where Bn{r,uj,n) < Cr'^~^. Let's look for a solution pi of the form 
pi{r,uj,fi) = L„(r,w,^) + e{r,uj,fj.). 

We must have 
Let's set 



K{r,t) :-- 



2v^ -cj- 



Variation of parameters gives 

e(r,a;,/x) 

,2 ,,2 
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We may solve this by iterating in the usual fashion. Set ho{r,u},iJ,) = and 

hj+i{r,uj,n) = 

It is easy to see that 



A2(i) 



A{t) dr 



\hi{r,u,fi)\ + 



dr 



< 



n + 



Then, with induction one can show that 



dhjj^i dhj 



- up- 



For cl! and /i in a sufficiently small compact set and sufficiently large n, the 



hj{r,u},fj,) will converge uniformly in r, w, and ;U. 



□ 



It is of course easy to pick a second holomorphic family of solutions 
P2{r,oj,fi) that is linearly independent of pi. One can show (Chapter 7 of 
that we must then have 



pi(r,w,/z) ~ e-V^'-'^'V 



Lastly, we note that a similar discussion can be carried out for the equation 
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C.3 Connection Coefficients 



Let's fix some set of frequency parameters witfi fj? — ujj^ (— oo,0]. Above 
we constructed p{r,uj,fi) holomorpliic in uj and so that (r — r^)^ p{r,uj, fi) 
gives a solution to tlie radial ODE with the correct boundary condition at 
r-i-. We can then introduce connection coefficients A{u},fi) and B{uj,^): 

R{r,uj,n) := (r - r+)^ p{r,uj, fi) = A{uj, fi)pi{r,uj, fi) + B{uj, p)p2{r,UJ, p). 

Let W{-, •) denote the Wronskian. Then 

WiR,p2) 

W{pi,p2)' 

Thus A is holomorphic in oj and analytic p. Similarly, B is holomorphic in 
UJ and analytic in p. 



D Distant Bound Keplerian Orbits and Unstable 
Modes 

Since it presents a convenient and intuitive, if overly simplified, picture, 
we will informally present the heuristic argument connecting distant bound 
Keplerian orbits and unstable modes. We refer the reader to [lO] for more 
details. We start by positing the existence of timelike geodesies which are 
"very far away" from the black hole yet are also bounded away from infinity. 
Additionally, we assume that that our geodesies are "slowly prograde" in the 
sense that 

d(b a X 

On physical grounds, one expects to be able to construct approximate wave 
packet solutions to the Klein-Gordon equation which are localized near these 
geodesies. It is reasonable to expect such a wave packet to be given by a 
superposition of modes 

where we allow complex uj = ujr + icoj, but assume that \uji\ <C ujr. It is 
easy to see that (jP.ip implies that the modes must be superradiant: 

am - 2Mr+ujR > 0. 
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Since the geodesies are bounded away from infinity, we shall want R to fall 
off at a sufficiently fast exponential rate near spatial infinity. An analysis of 
ii's ODE (see section [2] and appendix [C]) shows that this can be achieved if 



Let X be a bump function supported near r+. Then, using Kerr-star 
coordinates, set 



Now, for every r > 0, let St be the hypersurface defined by t = r. This is an 
asymptotically flat hypersurface which intersects the horizon transversally. 
Since ip is superradiant, one easily finds that T2 > ri implies 



That is, the energy along S,- must be growing with time. Note that the 
exponential decay of R at infinity implies that the energy along is finite. 
Since our geodesic lives far outside the ergoregion, we expect that R peaks far 
away from the ergoregion, and hence that the energy along S,- can increase 
if and only if (p is increasing with time. Of course, this is only possible if 
uJi > 0. 
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